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In the present work, the overall yield behaviour of a three-dimensional model foam is investigated by microstructural
modeling and numerical homogenisation. The analyses are performed on an elasto-plastic lattice of tetrakaidecahedral
cells which provides a surrogate model for metallic foams with open cells. For the determination of the macroscopic yield
surfaces in strain space as well as in stress space, a strain-energy based homogenisation scheme is applied to a represen-
tative volume element. This scheme is derived directly from the Hill principle and thus assures the physical consistency
with mechanically deﬁned eﬀective properties in a natural manner. By tracing the evolution of the overall yield surface,
the diﬀerent hardening mechanisms are addressed. It is found that for complex load histories the yield surfaces are not
only shifted but may also change their shape and size considerably.
 2006 Elsevier Ltd. All rights reserved.
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In the recent years, there has been a growing interest of researchers and industrial users in metal foams.
This is due to improved and cost-eﬀective manufacturing methods on the one hand and salient thermo-
mechanical properties at relatively low weights on the other hand. In particular, low-density open-cell metal
foams can serve as multifunctional materials because of their highly porous architecture (Evans et al., 1999).
Beside the application as ﬁlters and heat exchangers, open-cell sponges are also qualiﬁed for light-weight struc-
tures. Potential applications include, for example, crash absorbers and foam-ﬁlled proﬁles in automotive
engineering (Degischer and Kriszt, 2002).0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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2094 S. Demiray et al. / International Journal of Solids and Structures 44 (2007) 2093–2108The complexity of the foam microstructure requires the numerical determination of eﬀective material prop-
erties in the design process for reasons of numerical eﬃciency. A direct analysis of the given microstructure
would exceed the capacity of today’s computer systems. Consequently, micromechanical approaches and
homogenisation methods (see for example: Warren and Kraynik, 1987; Warren and Kraynik, 1997; Zhu
et al., 2000; Grenestedt, 1999; Li et al., 2003) are preferably applied to get the required eﬀective properties.
In the small strain regime, the link between overall properties and microstructure can be expressed by scal-
ing relations according to the textbook by Gibson and Ashby (1997). In case of the eﬀective Young’s modulus
the scaling law readsEfoam
Ebulk
¼ C .
.solid
 n
¼ C.nwhere . ¼ .=.solid denotes the relative density, n is a parameter depending on the deformation mechanism
of the struts in the model foam and C is a factor of proportionality which can be adapted experimentally.
If the cell members in a open-cell foam deform primarily by uniaxial stretching or compression, the eﬀective
Young’s modulus varies linearly, whereas bending-dominated deformations are related to a quadratic
dependency. Analogously, a similar scaling law for the relative yield strength rfoam/rbulk of open-cell foams
can be established with n = 1 for stretching-dominated deformations and n = 1.5 for bending-dominated
structures.
Concerning the constitutive modeling of foamed metals, macroscopic plasticity formulations based on
experimental observations have been developed by several authors (see e.g. Deshpande and Fleck, 2000). Such
theories in essence have three distinct parts, a yield criterion, a plastic ﬂow rule and a hardening rule. In this
context, hardening rules describe the evolution of the yield surface and are an essential ingredient of the elasto-
plastic constitutive equations. Nevertheless, the experimental determination of the yield point and, in partic-
ular, the re-yielding point of the specimen after prestraining, is a very elaborate task (Doyoyo and Wierzbicki,
2003). Alternatively numerical experiments can be performed on a microstructural model to gain information
about the evolution of the yield surface with progressive deformation. In this context, the initial yield surfaces
of several periodic 2D microstructures (e.g. the regular honeycomb or Kagome structure) have been compared
by Wang and McDowell (2005). They observed a strong dependency of the yield surface on the microstruc-
tural geometry. Hereby, depending on whether the periodic lattice behaves like a mechanism or a structure,
quite diﬀerent yield behaviours are observed. According to Deshpande et al. (2001), periodic structures can
be characterized as bending-dominated mechanisms or stretching-dominated structures. The stretching-
dominated structures are superior to the bending-dominated mechanisms with respect of both eﬀective
stiﬀness and yield strength.
The inﬂuence of morphological defects on the initial yield behaviour is examined by Chen et al. (1999) using
2D micromechanical models. They show that imperfections reduce the yielding strength signiﬁcantly due to
the bending deformations that are induced in the cellular structure. Experimental and numerical studies are
conducted by Gioux et al. (2000) for multiaxial loading conditions in order to investigate the reliability of
three diﬀerent phenomenological yield criteria. More recently, the inﬂuence of the microgeometry on the
mechanical behaviour has been investigated by Gong et al. (2005a) and Gong and Kyriakides (2005) using
the Kelvin cell foam. They showed that the eﬀective Young’s modulus is aﬀected drastically if the real shape
of the ligaments are taken into account.
The main objective of the present study is the numerical determination of initial and subsequent yield sur-
faces of an open-cell 3D model foam whose microstructure consists of a periodic lattice of polyhedral cells.
Although such a 3D model strongly simpliﬁes a real open-cell foam, it is assumed that the fundamental yield
mechanisms resulting from the cellular microstructure are covered. By analysing the evolution of the overall
yield surface for progressive predeformations, it is possible to elucidate the hardening eﬀects that play an
important role for the development of macroscopic material models. A literature review has shown that defor-
mation and initial yielding behaviour of open cell foams are quite well understood, however, the evolution of
the yield surface has not been considered in detail so far.
The paper is organized as follows. The basic concept of homogenisation is reviewed brieﬂy in Section 2. In
addition, issues related to the determination of yield surfaces are addressed. In Section 3, details of the foam
model are presented. The numerical results are provided in Section 4. In a ﬁrst step, the initial yield surface of
S. Demiray et al. / International Journal of Solids and Structures 44 (2007) 2093–2108 2095the model foam is constructed in both strain space and stress space. Subsequently, the evolution of the initial
yield surfaces is considered for some fundamental load cases.
2. Methods
2.1. Homogenisation scheme
For the micromechanical determination of the eﬀective foam behaviour, two diﬀerent length scales are
introduced (see Fig. 1): the meso-scale and the macro-scale with the characteristic lengths l and L, respectively.
Assuming homogeneous material properties with respect to the macro-scale, a material point Xi can be chosen
arbitrarily. The vicinity of the material point Xi deﬁnes a representative volume element (RVE) for the whole
cellular microstructure, if the whole body can be generated by a periodic repetition of the RVE in the spatial
directions. In this connection the characteristic size l of the RVE should be small enough to assume stress and
strain gradients to be negligible. On the one hand, its size has to be chosen such that the deformation char-
acteristics of the periodic body are represented by the RVE.
From the point of view of average-ﬁeld theory (see Hori and Nemat-Nasser, 1999), a RVE correlates to a
sample of the cellular solid whose eﬀective properties are determined by measuring the traction forces and sur-
face displacements. For inﬁnitesimal small strains, the macroscopic stresses and macroscopic strains are given
byrij ¼ 1
V RVE
Z
oXRVE
tixj dS; eij ¼ 1
2
1
V RVE
Z
oXRVE
ðuinj þ ujniÞdS ð1Þwhere XRVE is the boundary of the RVE and nj is the outward-pointing normal unit vector. Since a volume
integral can be transformed to a surface integral by the Gauss divergence theorem, the eﬀective stresses and
strains at the macroscopic point Xi are also deﬁned as volume averages of the corresponding microscopic ﬁelds
over the volume of the RVE:rij ¼ 1
V RVE
Z
XRVE
rij dV ; eij ¼ 1
V RVE
Z
XRVE
eij dV ð2ÞThe macroscopic stresses and strains in Eqs. (1) and (2), respectively, are deﬁned in a mechanical sense by
analysing experiments that are performed on a material sample. In addition, the macroscopic stress and strains
are linked by the properties of an eﬀective medium. From the point of view of energy-based homogenisation
schemes, these properties have to be determined in such a manner that a volume element VRVE of the cellular
solid and a corresponding volume element V RVE

of the eﬀective medium contain the same amount of
strain-energy provided that both RVEs are subject to macroscopic equivalent states of deformation. This
requirement is the well-known Hill principle (see Hill, 1963; Hazanov, 1998) that is a necessary condition
for the consistence of the mechanical-based and strain-energy based homogenisation approaches (e.g., Hohe
and Becker, 2003).Fig. 1. Energetically consistent homogenisation of cellular solids.
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of the 3D model foam (Demiray et al., 2005). Since a cellular solid can undergo large deformations in com-
pression, the Green–Lagrange strain tensor is introduced bycij ¼ 1
2
ðF ikF kj  dijÞ ð3Þwhere F ij denote the components of the deformation gradient tensor and dij is the Kronecker delta.
Assuming linear elastic–ideal plastic material behaviour of the cell struts, diﬀerentiation of the overall strain
energy with respect to the Green–Lagrangian strains leads to the second Piola–Kirchhoﬀ stress tensor:sij ¼ owocij

_cplastij
¼ 0 ð4ÞHereby, one has to assure that no additional plastic strain increments are induced in the RVE while perform-
ing the diﬀerentiation.
2.2. Determination of the yield surface in strain space and stress space
The representative volume element (RVE) is loaded by macroscopic strains that describe a load path in the
macro strain space. For this given load path the problem is posed how the initial and subsequent yield surfaces
can be constructed numerically.
In case of homogeneous materials the yield surface is deﬁned as the frontier which separates elastic from
plastic material behaviour. For cellular open-celled material it is assumed analogically that yielding on the
macroscopic scale occurs simultaneously with the onset of yielding in any point of the microstructure. Since
the cell struts are made of metal, the elasto-plastic material behaviour of the bulk material can be described
adequately by the von Mises yield function:f ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
sijsij
r
 rysTherein, sij denotes the deviatoric part of the stress tensor at the microlevel and rys is the yield strength of the
bulk material.
In the theory of homogenization (Suquet, 1985) it is shown that convexity of the yield surface is preserved
at the transition from the microto the macro scale. Moreover, all admissible stress states on the macro level
form a set whose frontier is called extremal yield surface. The eﬀective initial yield surface that is determined
by the proposed method is contained in this set. For a simpliﬁed open-cell model foam the extremal yield sur-
face has been determined in closed-analytical form by Florence and Sab (2005).
Under the assumption of convexity on the macro level, it is reasonable to follow radial load paths from the
state of zero strain in order to determine the initial yield surface. This load path is deﬁned by a ﬁxed loading
direction. The loading is raised in small increments k until plastic strains are induced in the representative vol-
ume element. For the onset of microscopic yielding, the corresponding eﬀective strains and stresses are eval-
uated using Eqs. (3) and (4). If a suﬃciently large number of radial load paths in diﬀerent loading directions
are scanned, the set of these obtained interpolation points form the eﬀective initial yield surface in strain space
and stress space, respectively.
The subsequent yield surfaces after a prestrain are obtained in a similar manner. Consider a given prestrain
state that is reached by following a given load path from the undeformed conﬁguration. Again, from this pre-
strain state radial load paths are scanned if the microscopic yield criterion is fulﬁlled. However, in case of the
subsequent yield surfaces, it is reasonable to require that additional plastic strains are induced in the represen-
tative volume element since the preloading deformation state can lie outside the initial yield surface. To this
end, the equivalent plastic strain on the microleveleeq ¼
Z t
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
_eplij _e
pl
ij
r
dt ð5Þ
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tic strains of 0.05% is chosen to deﬁne the reyielding locus on the subsequent yield surface.
3. Foam model
3.1. The analysed open-cell sponge
The starting point for the microstructural modelling was an open-cell AlSi7Mg sponge (see Fig. 2) supplied
by the commercial manufacturer M-Pore (Dresden, Germany). The metal foam was produced by a precision-
casting technique using a precursor polyurethane foam which was removed during heating. Because of this
processing route, rather uniform cell sizes and shapes can be adjusted. The relative density is determined as
to be . ¼ 0:05. The nominal cell size is adjusted by the polyurethane foam to a value of 10 pores per inch.
In a interdisciplinary work of Krupp et al. (in press), the microgeometry of the open-cell sponge has been ana-
lysed by optical and scanning electron microscopy. It has been found that the material distribution along the
length of the cell strut is non-uniform. The strut cross-section increases towards the cell vertices. Due to the
processing route, the cell struts exhibit Plateau borders cross-sections as it is reported in other studies (e.g.
Gong et al., 2005a). However, in the case of the given aluminium sponge small cracks are detected (see
Fig. 2(b)) that are introduced while the ceramic form is removed mechanically. Hence, the load-bearing
cross-section is reduced so that it is assumed that only a circular core of a section remains. In the context
of polymeric foams, however, it has been shown by Gong et al. (2005a) that the eﬀective Young’s modulus
increases signiﬁcantly if Plateau borders cross-sections are used.
3.2. Basic cell
A suﬃciently realistic model of such an open-cell foam that accounts for the underlying physics of bubble
formation can be derived from the Kelvin foam (Weaire, 1997). This microstructure consists of a body-
centered cubic lattice (bcc) of closed-cells tetrakaidecahedrons as shown in Fig. 3. Lord Kelvin proposed thisFig. 2. Open-cell AlSi7Mg sponge. (a) Microstructure and (b) cell strut with crack.
Fig. 3. Bcc-lattice of tetrakaidecahedral cells. The centered cell is marked.
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same time (Thomson, 1887). In contrast to Kelvin’s foam, the applied 3D model foam has straight edges
and open cells.
Although there are several possibilities to choose a RVE in a periodic lattice, not every geometry is eligible
regarding the application of boundary conditions. Provided that the RVE has parallel faces and that the pro-
nounced directions h100i (direction normal to a square face) and h111i (direction normal to a hexagonal face)
of the bcc-lattice are taken into account, a parallelepiped results for the shape of the RVE. Due to the periodic
arrangement, a RVE can be composed of several basic cells, where the term ‘basic cell’ denotes the smallest
possible repeating unit (see Fig. 4).
In order to include the realistic buckling deformation of the tetrakaidecahedron under compressive loading,
an appropriate number of basic cells must be chosen. For reasons of numerical eﬃciency the smallest possible
cell size that is capable to cover the smallest buckling mode is evaluated. In Fig. 5 the ﬁrst three eigenvalues are
plotted for diﬀerent number of basic cells. Therein, the eigenvalues ki refer to a uniaxial deformation state with
c11 ¼ 0:01. What can be concluded from this ﬁgure is that the number of basic cells must be even for cov-
ering the energetically favorable modes. In this context, note that other buckling modes may exist if a state of
uniaxial stress is applied (Gong et al., 2005b). In particular, long wave buckling modes have been reported by
Gong et al. (2005b) for relatively large models whereas in the present study the concept of the representative
volume element is applied.
With respect to the x1, x2, x3-Cartesian coordinate system in Fig. 4, the basic cell is spanned by the vectors
a, b and c. The coordinates of the corresponding points are given by Pe a
2
; a
2
; a
2
 
, Qe  a
2
; a
2
; a
2
 
and
Re ð0; a; 0Þ where a can be associated with the nominal cell size. In total, 12 cell struts and 12 nodal points
form the basic cell. Another four nodal points (Di, i = 1, 2, 3, 4) arise from the periodicity conditions.Fig. 4. Parallelepipedical basic cell in a Kelvin model foam, as shown in (a) front view, (b) side view from left, (c) top view and (d) spatial
view.
Fig. 5. Eﬀect of diﬀerent cell sizes on the lowest buckling mode.
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the ﬁnite element model. The coordinates of the other nodal points in Fig. 4 can be readily obtained by intro-
ducing unit vectors in the direction of the edges of the tetrakaidecahedron. Alternative ways to deﬁne a basic
cell are demonstrated by Florence and Sab (2005) and Gong et al. (2005a).
3.3. Discretization
As a result of the foam manufacturing, the cell struts exhibit cross-sections in form of plateau borders and a
non-uniform material distribution with material concentrations at the cell vertices. For simpliﬁcation of the
model, it is assumed that all struts in the RVE have the same constant circular cross-section. Each strut is
meshed with six 3-node Timoshenko beam elements. The element size is chosen as being smaller towards
the cell vertices. The analyses are carried out using the ﬁnite element package ABAQUS/EXPLICIT (Hibbitt
et al., 2000). The strut material is assumed to be linear elastic-perfectly plastic with a Young’s modulus of
Esolid = 70 GPa and a yield strength of rys = 200 MPa so that hardening eﬀects can be solely attributed to
changes of the cellular microstructure.
In order to determine the number of required elements per strut, a convergence study is performed. To this
end, two types of the open-celled model are considered: one with unproﬁled cell struts and another where the
cell struts are concave. The ratio q = tm/te of the characteristic cross-sectional dimensions in the middle posi-
tion and at both ends of the ligament can be prescribed. In Fig. 6 the results for diﬀerent mesh densities are
presented. The relative errors of the two PIOLA–KIRCHHOFF stress s11 and the GREEN–LAGRANGE strain c11 are cal-
culated with respect to the ﬁnest mesh with n = 20 elements. As expected, the relative error decreases withFig. 6. Convergence of the macroscopic strains and stresses.
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(q = 0.5) and the model with non-proﬁled (q = 1) cell struts diﬀer signiﬁcantly. Since the proﬁled cell struts
are approximated by a step-wise function using elements with diﬀerent cross-sections (see the sketch in
Fig. 6), a higher number of elements per struts are needed. In case of the mesh that consists of non-proﬁled
cell struts, approximately six elements are suﬃcient to give a relative error less than 5%.
Periodic boundary conditions are imposed on oVRVE of the RVE at individual nodes. Each node has three
translatory and three rotatory degrees of freedom (ui, i = 1, 2, 3 and ui, i = 1, 2, 3). The periodic boundary
conditions are formulated such that the deformation of two opposite faces are equal. For a pair of correspond-
ing nodes k and k+ on the faces with outward unit normals N and N, respectively, the periodic boundary
conditions readuðk
þÞ
i  uðÞi ¼ uðk
Þ
i  uð1Þi
uðk
þÞ
i ¼ uðk
Þ
i
; i ¼ 1; 2; 3 ð6ÞTherein, uðÞi denotes the displacement of one of the nodal points P, Q or R depending on the faces under
consideration.
In a diﬀerent way than in experimental studies where macroscopic stresses are applied to a specimen, strain
controlled loading of the RVE is applied in this study. To this end, the prescribed macroscopic Green–
Lagrange strain tensor (see Eq. (3)) is linked with the nodal displacements of the points P, Q and R on the
meso-scale. Starting point for this macro–meso transition is the volume average of the deformation gradient.
Transforming the volume integral by means of the Gauss divergence theorem yieldsF ij ¼ 1
V RVE
Z
oV RVE
uinj dAþ dij ð7ÞThis surface integral can be evaluated in analytic closed form using the periodic boundary condition in
Eq. (6)F ij ¼ 1
V RVE
fuðPÞi b c  ej þ uðQÞi c a  ej þ uðRÞi a b  ejg þ dij ð8Þwhere ej denotes the unit vector in xj-direction with respect to the x1, x2 and x3 coordinate system and
uðPÞi ; u
ðQÞ
i ; u
ðRÞ
i denote the displacements of the nodal points P, Q and R (see Fig. 4).
4. Results
4.1. Initial yield surfaces
In this section the initial yield surface of the 3D model foam will be considered. Due to the six components
of the macroscopic strain tensor, three combinations of normal strain interaction (c11–c22, c11–c33 and c22–c33)
and nine normal-shear strain interactions (i.e., c11–c12, etc.) have to be analyzed for a thorough description of
the yield behaviour in plane. Utilizing the cubic symmetry of the regular microstructure, it is suﬃcient to con-
struct the yield envelopes in the c11–c22 normal strain plane and the c11–c12 normal-shear strain plane.
In a ﬁrst step, however, 3D representations of the yield surface are obtained by following load paths in the
ðc11;c22;c33Þ-strain space. The loading direction can be described using spherical coordinates u, h where u is
the azimuthal angle and h is the polar angle. The resulting sphere is discretized with a mesh of 50 · 25 points
leading to angular increments of Du = 7.2 and Dh = 3.6, respectively. The yield surface in strain space
(Fig. 7a, left) is similar to a polyhedron having two diagonal opposing lappets. An explanation for this ﬁgure
will be given at the end of this section. Corresponding to the ﬁrst yield point in macroscopic strain space that is
found in loading history, the overall normal stresses are evaluated by numerical homogenisation. The shape of
the yield surface in stress space (Fig. 7a, right) can be attributed to diﬀerent micromechanical deformation
mechanisms: localized bending and pure stretching of struts. In hydrostatic loading (r11 ¼ r22 ¼ r33) the
bending of the struts is suppressed, whereas in uniaxial loading strut-bending governs the deformation
behaviour on the strut level. Estimates of the yield strength in uniaxial and hydrostatic loading can be derived
Fig. 7. Macro-yield surfaces plotted in three-dimensional normal strain space and three-dimensional normal stress space for (a) regular
foam, (b) 30%-irregular foam and (c) 50%-irregular foam and (d) loading direction in spherical coordinates u, h.
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work of the macroscopic stresses, leading toruniaxialy  0; 194.1:5rys; rhydrostaticy ¼
1
.rys;3
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rial. Comparing both values with those of the ﬁnite element calculations for the input parameters . ¼ 0:05 and
rys = 200 MPa, a very good agreement is obtained. Furthermore, the derived analytical formula for the over-
all hydrostatic yield strength of the tetrakaidecahedron is exactly the same as the scaling law for open-cell
foams given by Gibson and Ashby (1997).
Open-celled foams possess a fractal-like microstructure that exhibits a rich variety of diﬀerent cell sizes and
shapes. In this point, a regular microstructure, like the proposed Kelvin foam, is not a perfect model. In a
previous study (Hohe and Becker, 2005), therefore, an irregular 2D model foam has been derived from the
regular honeycomb microstructure. To this end, the spatial positions of the cell vertices (that is the points with
each three cell walls) of the ‘perfect’ microstructure has been moved randomly by a certain displacement vec-
tor. In this study, the norm and length of this vector has been generated from uniformly distributed numbers.
As a result, the degree of microstructural disorder has been determined by a sphere of the radius Dr around
each cell vertex. In comparison to other studies in literature (e.g. Shulmeister et al., 1998) a relatively small
representative volume element is suﬃcient. However, the procedure has to repeated up to 50 and more times
to give stable results (Hohe and Becker, 2005).
In the following, this approach is being restricted to a single analysis in order to show only exemplary the
eﬀect of imperfections on the initial yield surface. In doing so, it is possible to compare the results with other
available studies in a qualitative manner.
For the case of the 3D model foams, two irregular microstructures are derived from the Kelvin foam. Set-
ting the degree of disorder at Dr = 0.30l and Dr = 0.5l, respectively, the maximum perturbation is prescribed
as a certain portion of the nominal strut length l. The results for the imperfect model foam are presented in
Fig. 7b and c. As it has been reported by Chen et al. (1999) for 2D foam, the skewed cells induce bending in the
struts under any loading conditions so that the yield strength in hydrostatic loading is decreased signiﬁcantly.
In contrast, the impact of morphological defects in uniaxial loading is less distinct since struts bending is
already the dominating deformation mechanism.
The yield surface in strain space is now investigated in more detail. To this end, the intersection points of
the yield surface with section planes at polar angles of h = 60, 90, 120 are used to construct the yield
envelopes in the c11;c22-plane (see Fig. 8). The slice through the yield surface at the ﬁxed polar angle
h = 90, for example, means that the model foam is stretched or compressed uniaxially or biaxially with
respect to the x1–x2 plane. In the other two cases, the load paths that are situated in planes at h = 60 and
h = 120 imply a triaxial strain state. The yield envelopes in Fig. 8a and c appear as polygonal curves with
sharp corners. Because of the cubic symmetry, the yield strains for uniaxial stretching and compression in
x1- and x2-directions are equal. In addition, the yield envelope is point symmetric due to the permutability
of the macroscopic strains c11 and c22. In pure uniaxial stretching (c ¼ c11e1  e1) the square faces in the
x1–x2 and x1–x3 planes turn to diamond-like faces. With increasing stretching in x2-direction (c ¼
c11e1  e1 þ c22e2  e2Þ, the bending deformations of the quadratic faces in the x1–x2 plane are suppressed
so that the model foam behaves stiﬀer and lower macroscopic strains in x1-direction are required for initial
yielding.
In Fig. 8b the stretching directions are plotted that refer either to a uniaxial stress state in x1-direction (axis
1–1) or in x2-direction (axis 2–2). The distinct lappets for uniaxial x2-direction conﬁrm that the macroscopic
yield strength in bending is much less than in stretching. In hydrostatic loading, the constitutive equation
rij ¼ Cijklekl gives a macroscopic strain of eyield  0:29%. Hereby, the macroscopic elastic tensor Cijkl is evalu-
ated as described in Hohe and Becker (2001).
In a ﬁnal parameter study the extremal yield surface (Suquet, 1985) is addressed approximately. To this
end, radial load paths are followed from the strain-free state cij ¼ 0 until the equivalent plastic strain reaches
a given limit for any cell strut. The sets of yield loci that are obtained in this manner for diﬀerent radial load
paths characterize further yield surfaces. In contrast to the initial yield surface the macroscopic states of stress
in the interior of the higher yield surfaces are not only purely elastic. Assuming elastic perfectly plastic mate-
rial behaviour for the cell struts, the macroscopic stresses should approach the extremal strength of the Kelvin
foam if the equivalent plastic strain is set at a suﬃciently high value. This is done because the equivalent plastic
strain is used as the stop criterion in this case. In Fig. 9 the result for diﬀerent values of the equivalent plastic
strain is presented. With increasing value of this parameter, the gap between two next higher yield surfaces in
Fig. 8. (a) Initial yield surface for biaxial loading (h = 90); (b) plastic hinges in the x1–x2-plane; (c) initial yield surfaces in the c11–c22-
plane for h = 120, h = 90 and h = 60 and (d) yield envelopes in the r11–r22-plane.
Fig. 9. Eﬀective initial yield surface and next higher yield surfaces for diﬀerent values of the equivalent plastic strain.
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results presented by Florence and Sab (2005) for the same model foam are diﬃcult to compare with the present
approach since Florence and Sab apply macroscopic stresses. In addition, their work is concerned more with
the microstructural eﬀects on the extremal yield surface whereas the present work focus on the subsequent
yield surfaces. Nevertheless, Florence and Sab report a similar cigar-shaped extremal yield surface for uniform
cell struts that corresponds to the result of the present study.
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The method of obtaining the subsequent yield surfaces is the same as for the initial yield surfaces. Consider
a given path of loading in the macroscopic strain space. At selected stages of deformation, the RVE is loaded
to some extent in the reverse direction toward the interior of the new yield surface which corresponds to an
unloading of the model. In this manner, only a partial unloading is achieved with respect to the macroscopic
stresses in the RVE. In the following numerical example, a strain-controlled unloading of 10% with respect to
the prestraining is adopted. In a second step, the obtained focal point in strain space is used for the subsequent
linear loading paths in order to construct the yield surfaces.
4.2.1. Evolution of the yield surface due to stretching
As a ﬁrst numerical application, the load case of uniaxial stretching with constrained transverse strains
(expressed mathematically by the strain tensor c ¼ c11e1  e1) is considered. In Fig. 10a the resulting subse-
quent yield surfaces are displayed in the c11–c22 plane and the r11–r22 plane. The strain yield surfaces are
not only shifted as it can be expected but they are also found to change their shape considerably. With increas-
ing deformation, minor positive normal strains in transverse direction (c22) may cause new plastic strains. Fur-
ther, the strain yield envelopes are found to develop asymmetrically with respect to the loading path due to the
diﬀerent yield strength in bending and stretching. Thus, negative normal strains induce bending in the struts
and the microstructure behaves softer. According to Fig. 10a, the corresponding stress yield surfaces are
shifted mainly for small macroscopic strains whereas 1.5%- and 2%-prestrains lead approximately to identicalFig. 10. Evolution of the yield surfaces plotted (a) in the c11–c22 plane and r11–r22 plane as well as (b) in the c11–c12 plane and r11–r12
plane.
S. Demiray et al. / International Journal of Solids and Structures 44 (2007) 2093–2108 2105yield surfaces, that means that the material behaves perfectly plastic on the macro level as well as on the meso
level.
Now consider the subsequent yield surfaces in Fig. 10b that are obtained by probing yield directions in the
c11–c12-plane. In contrast to the yield surfaces in the c11–c22-plane, the yield surface is distorted symmetrically
to the c12-axis. In addition, near the preloading point the yield surfaces exhibit a nose whereas the rear surface
is ﬂattened. It is also remarkable that for prestrains exceeding 2% the yield surface does not include the origin
of the stress space. This means that the 3D model foam cannot be unloaded elastically. Furthermore, the yield
shear strength decreases signiﬁcantly with increasing uniaxial deformation, that means a cross-eﬀect is
observed.
4.2.2. Evolution of the yield surface due to pure shear deformation
Now let us consider the case that the 3D model foam is prestrained by macroscopic shear deformations that
can be expressed in the form c ¼ c12e1  e2 þ c21e2  e1 with c12 ¼ c21. Therein, for the shear strain discrete
values in the range [0.5%,2%] are chosen. Since the numerical experiments are conducted in the c11–c12-plane
(see Fig. 11), the initial yield surface is shifted in the þc12-direction. Further, in the region of the prestrain
point the yield surface tends to form a nose whereas the back side ﬂattens. In the r11–r12-plane the correspond-
ing yield surfaces do not only move with the developing shear stresses, but also exhibit a considerable amount
of distortional hardening. This is characterized by a small lappet at the preloading point and a decreasing cur-
vature of the back side of the yield surface. As a result, the translation of the stress yield surfaces indicate that
the model exhibits the Bauschinger eﬀect: in reversed torsion the yield strength is much lower than in the pre-
ceding torsion. The symmetry of the subsequent yield loci with respect to the prestraining direction is
preserved. However, the material exhibits a strong cross-eﬀect in contrast to bulk materials, that is the yield
strength in tension or compression decreases. For macroscopic prestrains above 1%, the stress yield surfaces
do not even contain the stress-free state. As a consequence, full unloading of a foamed specimen by i.e.,
loosing the clamping would lead to re-yielding.
4.2.3. Evolution of the yield surface due to uniaxial and biaxial compression
The following two examples are load cases where the load path does not coincide with one of the axes of the
strain plane as compared to the previous cases. First, we consider an uniaxial compressive deformation with
additional transverse strains where the macroscopic Green–Lagrange strain tensor can be written as
c ¼ c11e1  e1 þ c22e2  e2 þ c33e3  e3 with c11 2 ½20%; 0 and c22 ¼ c33. The ratio of the macroscopic strain
in transverse direction to the macroscopic strain in loading direction is chosen to be equivalent to the Poisson’s
ratio for inﬁnitesimal strains. By evaluating the eﬀective elasticity tensor, a Poisson’s ratio of m  0:461 is
obtained. In Fig. 12(a) the subsequent yield envelopes are shown in the c11–c22 plane. Again, the yield surfacesFig. 11. Initial and subsequent yield surfaces in the c11–c22-plane and r11–r22-plane for pure shear deformation
(c ¼ c12e1  e2 þ c12e2  e1).
Fig. 12. Evolution of the yield surfaces for uniaxial compressive deformation with transversal macroscopic strains: (a) in the c11–c22 plane
and (b) in the r11–r12 plane.
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faces do not develop symmetric with respect to the load path. In Fig. 12(b) the yield envelopes are depicted in
the normal stress plane. Note that the behaviour of the the load path is highly non-linear. Hence, the eﬀective
Poisson’s ratio depends on the deformation of the microstructure. What can be observed is the rotation of the
elliptical yield surface with increasing compressive deformation due to the alignment of the cellular
microstructure.
The second example in this section treats the load case of biaxial compressive deformation. In Fig. 13(a) the
evolving yield envelopes are depicted in the c11–c12 plane. The Green–Lagrange strain tensor on the macro
level takes the form c ¼ c11e1  e1 þ c22e2  e2. Thus, the RVE is compressed biaxially under plane-strain con-
dition. Regarding the evolution of the yield surfaces during deformation, the observations are comparable
with those made in the previous load case of shear deformation.The strain yield envelope shows the tendencyFig. 13. Biaxial compressive deformation: (a) yield surfaces in the c11–c22 plane; (b) zigzag-like load path and (c,d) yield surfaces in the
r11–r22 plane.
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whereas the rear surface appears to ﬂatten. For prestrains exceeding 0.4%, it is observed that isotropic soft-
ening occurs. With transition to the stress space (e.g. r11–r22–r33 space), the corresponding load path is a curve
in space with non-vanishing r33-stresses and the projection on the r11–r22-plane is reported in Fig. 13(b). The
zigzag-like load path arises from the softening overall stress–strain behaviour according to the diagram within
Fig. 13(b). The hardening and softening mechanisms that are indicated by the evolving yield surfaces in strain
space, are now clearly depicted in Fig. 13(c) and (d). The results in Fig. 13(c) conﬁrm that kinematic hardening
prevails whereas there is a switch to isotropic softening for prestrains larger than 0.4%.5. Conclusions
For the formulation of plastic material models, the essential prerequisites are information about the yield
surface and its evolution with increasing plastic deformations. To determine both in experiments may be a
very elaborate task. Thus, a micromechanical approach is chosen in this study that is based on the simpliﬁed
Kelvin-foam consisting of a bcc-lattice of tetrakaidecahedral cells.
The initial yield envelope of both the regular and the irregular model foam is obtained by scanning load
paths in the strain space for a given oﬀset plastic strain value. For the geometrically perfect microstructure,
the resulting initial yield surface in the normal strain plane has the shape of a polyhedron. Its sharp corners
indicate a switch between diﬀerent deformation mechanisms. The yield surface in stress space is a prolate ellip-
soid that is symmetric with respect to the hydrostatic axis. The ﬁnite element analyses of a model foam with
curved and skewed cells show that the respective strain yield surfaces may still exhibit sharp corners. The stress
yield surfaces shrink with increasing amount of randomization with respect to the hydrostatic yield strength
due to the induced bending in the struts.
The subsequent yield surfaces presented in this study are obtained in the same manner as the initial ones. At
selected stages of the plastic deformation, the evolving yield surfaces are determined numerically. The numer-
ical results indicate that the subsequent yield surfaces can shift, distort and even change the size. Due to the
absence of a hardening mechanism on the microlevel, that is an elastic/perfectly-plastic material for the struts,
it can be concluded that the change of the cellular microstructure has a signiﬁcant impact on the evolution of
the yield surfaces. In detail, the subsequent yield envelopes may exhibit a nose for uni-axial tensile and shear
deformation. As compared to the loading case of bi-axial compression, for uniaxial compression the stress
yield surface can rotate due to the alignment of the struts in the loading direction.Acknowledgements
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